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Some Theorems concerning the Centre of Gravity, 

By F. Franklin. 



Lagrange's two theorems on the centre of gravity may be expressed by the 

equations 

M2m a ( GAY = Xm a m b {ABf, (1) 

2rn a (0AY = 2m a (GAy + M(0GY, (2) 

where G is the centre of gravity of the particles of mass m a , m b , . . . . situated 
at the points A, B, . . . . and M is the sum of the masses. These theorems 
admit of extensions, in which, instead of the distances GA, AB, . . . . , there 
appear the areas of the triangles GAB, ABG, . . . . ; or the volumes of the 
tetrahedra GABC, ABGD, . . . . ; and so on, in space of more than three 
dimensions. Namely, we have the series of relations 

MXm a (GAY = Xm a m b (AB)\ 

M2m a m b (GABY = 2m a m b m (ABO) 9 , 

MXm a m b m e (GABC) 2 = 2m a m b rn c m d (ABOB)\ 

6tc. 

Xm a ( OAY = Xm a (GA)» + M(0 G)\ ] 

2mA ( OABy = 2m a m b (GAB)* + M2m a ( GA)\ I n 

Xm a m b m c (OABOY = 2m a m b m e (GABC)* + MXm a m b (OGABy, I 
etc. 

These theorems may be proved almost instantaneously. I shall give the proof 
for the case of triangles, any other case being obviously demonstrable in the 
same way. 

I. Let the origin of coordinates be the centre of gravity, and consider 
the matrices 

111 



m a 


m b 


in c 


™ d 


™- a y a 


m b y b 


™ e y c 


m dHd 


m a z a 


m b z b 


m^ c 


m d z a 



y a 

z„ 



y* 



2/c 

Zr. 



1 

yd 

'd 



Z. 



Franklin : Some Theorems concerning the Centre of Gravity. 



369 



and the similar pairs of matrices in z, x and x, y. The sum of the products of 
corresponding determinants in these matrices is evidently 4Xm a m b m c (ABGf. 
On the other hand, multiplying the pair of matrices above written, we get 

™ a y a , m b y b , m e y 



, , 
» %m a yl , Xm a y a z a , 
, 2m a y a z a , Xm a zl , 



= M 



Now, since G is the origin, the determinant 



y a Vt 

z a %b 



Va, Vb, Vei 

%a ) z b ! %e i 



is twice the projection, on 



the plane of yz, of the triangle GAB; hence the sum of the products of corres- 
ponding determinants in the last-written pair of matrices and in the similar pairs 
in z, x and x, y is 4:M2m a m b (GABf. Therefore 

MXm a m„ (GABf = 2m a m b m c (ABGf. 

II. Let the origin be at any point 0; let the coordinates of G be x, y, z; 
let those of A be x + sc a , y + y a , z + z a , etc. Then on the one hand 

™ a {y + y a ), m b (y + y b ), m (y + y c ), . . . 
™ a (z + 2«) . m b (z + z b ) , m e (z+z e ), ... 



y + tfat y + yb, y + y e , 

z +z a , z +z b , z + z e , 



added to the two similar products, gives 4%m a m b ( OABf. On the other hand, if 
we apply the process for the multiplication of matrices, and bear in mind that 
% m ay a = 0» Sm^ = 0, it is plain that the product of the above two matrices is 
equivalent to that of the two following : 



*»<&, mcM a , m b y , m b y b , rn c y, rn c y c , 

m a z , m a z a , m b z , m b z b , m a z , m B z c , 



y, y a , y, y b , y, y e , 

z, z a , z , z b , 25 , Z , 



And the product of these, added to the two similar products, evidently gives 
4{2m a m b (GABf + MXm a (0 GAf }. Hence 

Xm a m b ( OABy = 2»i a m 6 ( tfil.B) 2 + M2rn a (OGAf. 



Any theorem under I is a sufficiently obvious corollary of the correspond- 
ing theorem under II ; but it seemed worth while to give an independent proof 
of the former. The method of that proof gives rise also to a theorem con- 
cerning the principal moments of a system at the centre of gravity which seems 
not without interest. If, besides taking the origin at the centre of gravity, we 
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take for axes of coordinates, the principal axes of the system of particles, the 
multiplication of the matrices 



m a , m b , m c , m d , 

m a,X a > m b x b > Ve ) m d X d > 

»W», ™- b y b , fncVc m d y d , 
m a z a , m b z b , m c z c , m d z d , 



1,1,1,1, 

x a , x b , x , x d , 

Va , Vb) Vci Vdi 

z a 1 %b > %c , % , 



gives the equation 

MXm a xl-^m a yl.Xm a zl = S62m a m b m e m d (AB CDf . 

Treating in the same way the similar pairs of matrices with three and two 
rows respectively, and writing 

2m j» = A', Xm^ a = B, 2m£ = C\ 
2m a m b (ABf = 2 2 , 2"Xm a m b m c (AB Of = X s , 6*2m a m b m c m d (AB CDf = 2 4 , 

we have 

M(A> + B'+ C) = 2 2 , M(B'C + G'A! + A'B') = X 3 , MA'B'C' = X i , 
so that A', B', C are the roots of the equation 

m 3 — 2J? + 2 3 X — 2 4 = 0. 
Thus the principal moments at the centre of gravity are determined in terms of 
the masses and mutual distances of the particles. Of course a similar equation 
holds for any number of dimensions. 

The moments of inertia themselves are B' + C, C + A', A' + B', and 
the equation of which these are the roots is 

M*[i 3 - 2MX^ + (21 + MSs) (i — (2A — M ^) = . 



